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Abstract

We start the problem of atractivity of solutions for fractional evolution equation. We obtain
some interesting results of mild solution for fractional evolution system with order 8 € (1,2) in
Banach space. There was a lot of circumstances for existence of universal attractive solution.
We explain the Cauchy problems in these cases for which the semi-group is compact as well
as non compact. Our results basically show some features of solution. We proceed the new
representation of solution operators, by Laplace heat (is the new concept of light solution for
objective equation), and Mainardi’s Wright-type function then we go ahead to set up a new
compact solution operators that contract results at the point when the sine family is compact.
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1 Introduction

Fractional differential equation has achieved fairly significance because of their applications in dif-
ferent sciences for example, Chemistry, Engineering, Mechanics, and Physics. In recent over the
year, there has been a major break through, and partial differential equation involving fractional
derivative. The existence theory of solutions for fractional evolution equation has been investigated
intensively by numerous researchers like Kim [I], Podlubny [2], Kilbas [3], Zhou [4, 5l [6], Wang [7],
Bazhlekova [8], Zacher [9], Zhou and Miller [I0, 1I]. They examine the attractivity of solution for
Cauchy problems.
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There was a lot of circumstances for the existence of universal attractive solutions. It proved that
all solutions are uniformly locally attracting. Lately, Chen [12], Losada [13], Tarasov [14] Banas
and O’Regan [15] examine the attractivity of solutions for fractional ordinary differential equations.
Anyway the finest thing of our insight there are relatively few results on the attractivity of solution
for fractional evolution equation in liberal arts. Some authors S.Abbas, M. Benchohra [16], estab-
lish the result of attractivity of a coupled fractional Riemann-Liouville-Voltera-Stieltjies multi-delay
partial integral system. Then authors shows that in coupled fraction the solutions are uniformly
globally attractive. The existence of mild solution for integro-differential and fractional differential
equation of order § € (1,2) has attracted much attention in recent years.

Shu et al. [I7] examine the existence of mild solution for non-local fractional differential calculation
based on some sectorial operator. In this paper we discuss the existence and uniqueness of frac-
tional theoretical Cauchy problem with order 8 € (1,2) . There are several ways to find fractional
derivatives such as Raimann-Liouville, Caputo, Wayl, Hadmard, Grunwald-Letnikov.

Different authors have expressed their views on this topic in different ways. Due to which a rev-
olution took place in the field of fractional differential equation. Continuing this process, we will
work on the Caputo derivative and prove that the mild solution using initial value problems. Then
we will create some assumptions which prove some important results. Consider Cauchy problem of

fractional evolution equation with Caputo derivative:

{CD&y(v) = By(v) + f(r,y(v)), v e0,00), "

y(0) =yo, ¥'(0) =u1. 1< B<2.

Where CDg , is Caputo fractional derivative of order 3, B is the infinitesimal generator of Cp-
semigroup of bounded linear operator {R(v)},>0 in Banach space Y and the time v > 0, f :
[0,00) X Y — Y is a particular function fulfills all assumptions, and yg is the component of the
Banach space Y.

We establish some sufficient condition for the universal attractivity for mild solution in the study of
semi-group is compact or non-compact. These results disclose the features of the solution for frac-
tional evolution equation with Riemann-Liouville derivative. Since Mainardi’s wright-type function
is well-defined for 8 € (0, 1), how to define mild solution utilizing this function turns out to be more
complicated and challenging. However by a cautious investigation we display another representation
of solution operator by proposed work and another idea of mild solution is given. Then again we
build up another new compact consequence of the solution operator at the point when the sine

family is compact.
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2 Preliminaries

In this part, we partially recall some concept of integration and derivative and then giving some
theorems which are useful in the next section. Let Y be a Banach space with the |- |. We indicate
Ly(Y,Z) are the interval of all bounded linear operators from Y to Z provided along with the
norm || - ||z, (v,z)- Suppose that Ly(Y) : Y — Y. Suppose that C(H,Y) be the spaces of all
continuous function from H to Y equipped with super norm ||y|| = sup,cy ly(v)|. f B: Y — Y is
a linear operator, we indicate the resolvent set of B by p(B) and the resolvent of B by Q(\, B) =
(A — B)™t € Ly(Y).

The fractional integral of order 8 € Ry with zero lower limit for a function u is defined as

1 14
Ingu(V) =gg(v) *u(v) = F/ (v — s)ﬂflu(s)ds, v >0,
(B) Jo
with the * denote the convolution 51
-
9s(v) = T(3)

where I' is the regular gamma function. Just in case 5 = 0 we set go(v) = p(v), the Dirac measure
is converge at origin.
The RL-derivative of order 8 € R4 with zero lower limit for a function u : [0, 00) — R is defined by

m

LD€+U(V) = W(

Gm—p*s)(v), v>0, m—1<f <m,

and the similar Caputo’s derivative of order 5 € R4 with zero lower limit for a function

u: [0,00) — R is defined by

CD§+u(y) =t D€+ (u(y) -

The Wright function Mg(#) is defined by

5 (o
Mpg(0) = mZ: (m —1)IT(1 — Bm)’

1

It is realized that Mpg(6) satisfy the following equality:

5 ~ I'(1+p)
/0 PM0)0 = T o>

we discuss some definition of mild solution

Definition 2.1. (see[18]): According to the mild solution of the Cauchy problem |1} we imply that
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the function y € C([0,00),Y") satisfies

y(v) = Vﬁfng(V)yo + /OV(V — s)ﬁflPﬂ(V —35)f(s,y(s))ds, v >0,

where

:AmgMMmQ@%m&

Definition 2.2. : The mild solution y(v) of the Cauchy problem [1] is attractive if y(v) will in
general to zero as v — o0.
Assume that B is the infinitesimal generator of a Cy-semigroup {R(v)},>0 of equivalently bounded

linear operators on Banach space Y. It implies that there exist M > 1 so that

M= sup RO we) < oo
v€[0,00)

where W(Y') be the space of all bounded linear operators from Y to Y with the norm
1R llw vy = sup{|R(y)| : [y| = 1}, where R € W(Y) and y € Y.

Proposition 2.1. (see[i8]) : For some fized v > 0, Pg(v) is bounded and linear operator, so that,
for somey €Y,

Ml
T(5)

Proposition 2.2. (see[18]) : {Ps(v)},~0 is strongly continuous, which implies that, V. y € Y and

[Ps(v)y| <

V' >V >0, we get
|P5(1/")y — Pﬁ(z/)y\ -0, V' =

Proposition 2.3. (see[18]) : Suppose that { R(v)}, 0 is compact operator. At that point { Pg(v)}v>0

is also compact operator. Suppose that Y be a real Banach space, I = [0,00) :

D= {xEC’(H,Y): lim 12 :0},
z—o0 1 + v

with the norm ||z|| = sup,¢(g o) (‘ (3; It is not difficult to see that (D, | -||) is a Banach space.

Lemma 2.4. (see[[19], Theorem 1]) The set I C Cp([0,00),Y) is relatively compact as long as the
following condition holds:

(i) For some ¢ > 0, the function in I is equi-continuous on [0, c].

(ii) For some v € [0,00), G(y) = {y(v) : y € G} is relatively compact in'Y.

(iii) lims—soo [y(v)| = 0 is uniformly fory € I.

H, : |f(v,y)| < LvP for y € C((0,00),Y) and v € (0,00), where 0< L, ak<f<1.
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Lemma 2.5. (see[20]) : consider 0 < Sk < <1, we can select o > 0 sufficiently compact, thus
a— B+ pk<0 and a+ Bk —~v<0.

Let T > 0 be sufficiently sizeable, thus

MLL(BR)L(1 - 8)
T(Bk—B+1)

M (yo) T FPHPF 4 M (yr) T~ +P% TR <, (2)
Define a set w given below

w={yw):y € C([0,0),Y), y(W)| <v77, v =T}

It is not difficult to show that w # ®, and w is a bounded, closed, and convex subset of Cy((0,00),Y).

Definition 2.3. (see[2I]) : we first define the Mittag-Leffler function E, ,(u) and Mainardi’s
Wright-type function M, (u),

o0 um
Eyp(u) = mZ::oF(“mM7 0<mp,v, ueC,
and
e (—w)™
Mpy(u) = nZ:% (L —o(m + 1))’ o€ (0,1), ueC.

Integrating step-by-step into Mittag-Leffler function
12
/ EM,V(aV“)V’kldz/ =V'E,  +1(at), 0<p,v, a€cR.
0

Lemma 2.6. (see[21]) : For any fixed y > 0, and for some y € Y, the subsequent evolution are

valid

(28)
Lemma 2.7. (see[2]]) : For some v > 0,the Mainardi’s Wright-type function has the properties

ICs(v)y|<My|, |Ks(v)yl < Mlylv, |Ps(v)y| < ly|vP.

I'(1+p)

My>0,/ 0o M, (0)dn = ., —l<p<oo,
o(V) ; o(0)dn T+ op) p

and for u e C, p € (0,1)

Euai(=u) :/0 Mu(e)eiuada By (—u) :/0 MeMH(Q)efuedH.

We assume that B is an infinitesimal generator of a strongly continuous cosine family of equivalently
bounded linear operator {C(v)}o<, in Banach space Y, there exist 1 < M so that
IC@W)L,cv)y < M, 0> wv. For the purpose of simplification, we generally place 8 = g for g € (1,2).

We examine the linear nonhomogeneous fractional evolution system the system is identical for the
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following integral
{CD&y(v) = By(v) + f(r.y(v)), v €0,50),
y(0) =yo, ¥'(0) =y, 1<p<2

The above system is equal to the following integral

= v L yy—sﬁfl s s)las, v 00
v) =m0+ v+ g | =9 By + (9, v e o.00), 8

provided the integral[3 exist.

Theorem 2.8. If[ holds, then
y(v) = Cs(v)yo + Kp(v)y1 + /OV(V — s)ﬁfng(V —s)f(s)ds, v € [0,00),
where
Cs(v) = /Ooo Ms(0)C(VP0)do, Ks(v) = /OV Cs(s)ds, Ps(v) = /OOO BOM5(0)S(v°0)do
Proof. Let A> 0
N = [Teusds ) = [T e s e
apply Laplace transformation on 3]
€N = NN = A) T+ A0 A) gk (- A,
forv <0

0o 8 o] B 0 B
) = /\g_l/o e_)‘j”C’(V)yody+/\_1)\g_l/O e_)‘j”C(l/)yldV—i—/O e VS p(v)dv.

Let
P3(0) = Y, (0=7), 6e (0,00)
B - 6/8+1 B8 ) ’ )
and its Laplace transform is given by
” e NP(0)dh = e L
,B( )d@—e ) /86(271)
0
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)\'Bl/ eiAﬂyC(V)yng = / B()\I/)ﬁflef(A”)ﬁC(Vﬁ)yodV
0 0

> 1d > _A\v0 8
e _— v (I)
/0 Adv(/o e 5(9)d0>0(1/ )yodv
_ / / =M Mg (0)C (P ody
0 0 —A

= / 9@5(9)6_’\”90(u5)yodud0
0 0

= / Pg(0)e” ’\”C’ )yodﬁdu
o Jo 6’

- /oooe AVUOOO %(6)0(92)%} dody

_ g[ / M(6)C 59)y0d9](>\)
= v)yol(A)

Since L[g1(v)](A) = A~! according to Laplace Convolution Theorem, we get

ATl /0 T eNOwdy = L)) * L)) (V)
= L(g1 * Ca) )] (V).

Similarly
[T s = [T a1 sy
0
= / / ﬂyﬁ Lo5(0)e M08 (12 u(\)dvdd

- / / ﬁ <92> (\)dvdo
/Oooe—WS(y)M(A)du = / [/ [ — (GZ) (A)d&]du

- | [” ,BuﬁlMﬁ(e)sw)de} W)L
_ E[/OV(V )P Py — s)f(s)ds] ).
Combining equation [ [5] and [6] we have

y(r) = Calwyo+ /O " Calshpds + / (v — )5 Py(v — ) f(s,y(s))ds.

0

Thus, the proof is complete.

O

Lemma 2.9. Assume that (Hy) hold. Then{Zy : y € w} is equi-continuous and limy_—o|(Zy)(v)| =
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0 uniformly for y € w.

Proof. Consider —3(1 — k) < 0 and Sk — v < 0 there exist 77 > T in such a way that

For any y € w and T} < vy, 5, we have
(Z0)00) = (Zi)on)| < [ a5 Polo = )59 s
[ o= P = ) s s,
Furthermore for 0 < v; < v <717 Lebesgue Dominated Convergence Theorem, we get
(Z0)00) = 20| < | [ 0= 97 Palor = ) fs. s = [ 01 =) ol = )7 (5.(5)

<\ (2= 9P~ (1 — )5 Py — ) (s, y(s))ds
0

N / " (v — )P Py — ) (s, y(s))ds

1

+ /0”1(1/1 — )Pt <P5(u2 —s) — Pg(v1 — 8))f(8,y(s)>ds

S MsupVe[Oleﬂf(V’ y(V))| [Jyl |:(V1 - 8)5]671 - (VQ - S)ﬁk1:| ds

+ Msup,epory|F 0 y(0) / (vy — )71

+ [Toa- s)ﬂ—l\ (sz )~ Py(n - s)>f(svy(8)) s

< M sup 1Fy ) — B+ (a — )]
ﬁkue[O,Tﬂ

+ ;VIQ 2 )| =)™

+ M- 8)51‘135@2 —8) = Py — )£ (s, y(s))|ds,
0

the above equation approaches to 0 as v9 — v1.
If 0 =11 < vy <Tj we have (Zy)(r2) — yo = (Fy)(0) as v — 0
Therefore collaborate the above contentions, it is obvious that the family of function {Zy : y € w}

is equi-continuous. It remains to check that lim,_o|(Zy)(v)| = 0 is uniformly for y € w. We get

(ZyW)| < 1Cs)wol + /0 " Ca(s)pads + /0 "0 — 8| Pl — ) (s, y(s))|ds
MLL(BR)T(1 — )
T@k—B+1)

(Zy)w)| < Mlyo| + M|yi|v + VPP 50 as v — oo,

24



International Journal of Advancements in Mathematics 1 (1) 2021. 17-31

all the above discussion reveal that

lim |(Zy)(v)| =0 is uniform for y € s.

vV—00

Thus, the theorem is proved. O

Lemma 2.10. Suppose that (Hy) hold. At that point Z maps w into w and Z is continuous in w.

Proof. Case I :
Z maps w into w we know that Zy € ([0,00),Y"). Then again by utilizing condition H; we get

(Zy)(v)| < Cﬂ(l/)yolJr/O C,B(S)yld3+/0 (v — )P Pa(v — 5)f(s,y(s))|ds
< <Va|cﬁ(V)yo 00 [ Cytomds v [ 0= 9 Pyl = )10 y<s>>|ds>
0 0
< <M|y0]1/°‘5+5k+M|y1|V°‘B+ﬁk+MLV°‘/ (V—s)5k157d8>t°‘
0
<

_ _ MLT(BE)T(1 - 5) U
M a—pB+Bk M a—pB+Bk a+PLk—y a

From the inequality B we get

_ ~ MLT(Bk)(1 - B) 2\, -
z v < M Ta ﬂ+ﬁk2+M Ta ,3+6k‘+ TOH-,Bk‘ 0 v «@
@0l < (Ml il s
< v v>T.

Which implies that Zw C w.
Case II :
Z is continuous in w for any y,, ¥y € w, n = 1,2, ..... with limgz_eolyn = y, we will indicate that
Zyn — Zy as n — 00. For all € > 0 there exist 77 > 7.
In such a way that

MLT(BE)T(1 — _

(BE)L( ﬁ)Tlﬂk: 8.

I'(Bk—B+1)

At that point for v > T}, we have

(Zu) () — (Z0)0)| < /0 " — )51 ds

Potw =) (Flovm(s)  Fs.066D))

< v [w- s>ﬁ“(\f<s,yn<s>>r T |f<s,y<s>>r)ds
ML/ (v —s)PF1s7ds
0

MID(SI)T(1 - B) s
= TT@Ek—g+1 !

IN

< €,
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for 0 < v < T3 we get
Emo) - @l < [ w-s97 ds
0

o [ = 0 (1m0 - s (o)1 ) s

Potw =) (£(ovm(s) = F5.066))

IN

Seeing that lim,, o |f (v, yn(v)) — f(v,y(v))| = 0, by Lebesgue dominated convergence theorem
we get

[(Zyn)(v) = (Zy) (V)| — 0, n — 0.

Thus, clearly
1(Zyn)(v) = (Zy) ()| — 0, n — oc.

Which infers that the operator Z is continuous.

Thus the proof is complete. O

3 Compact Semigroup Case

We assume that the operator S(v) is compact for 0 < v.

Theorem 3.1. Suppose that (H1) hold. At that point the Cauchy problem |1| concedes at least one

attractive solution.

Proof. Clearly y be a mild solution of[T]in w as long as y be a fixed point of Z in w. Therefore, it is
sufficient to prove that the operator Z has a fixed point in w. According to lemma [2.10]it states that
Z : w — w is continuous and bounded. Then, it must be prove that Z is relatively compact. One
can surmise from lemma that {Zy : y € w} is equi-continuous as well as lim,_oo|(Zy)(v)| =0
uniformly for y € w. It remain to prove that W (t) = {(Zy)(v) : y € w} is relatively compact in Y.
Suppose that t € [0, 00).

Clearly, W(0) is relatively compact in Y. Suppose that v € (0,00) be fixed, for all o > 0 and for

all ¢ > 0, describe an operator Z, ¢ on w as given below:
v—p 00
Zu®) = Cowo+ Kawhw+ [ [ 3005 M) x S((v = 70) o, (5)dods

= Cs()yo + Ka(w)yv + S(°¢) /OV_Q /Coo BO(v — )" Mps(0)

xS((v —5)°0 — 0°0) f(s,y(s))dds.

Then, at that point through the compactness of Cg(v), Kg(v) and S(0°¢)(0°¢ > 0), we get
Woc(v) = {(Zocy) : y € w} is relatively compact in Y V p € (0,v) and V ¢ > 0. Furthermore, for
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each y € w, we get

IN

v ¢
| 800 =5 205008 = 9°0) 15, y(s) v

[(Zy)(v) = (Zocy) (V)]

v o8] vV —8 5—1 I/—Sﬁ s s s
! ’//4 BO(v — )"~ Mp(0)S((v — )70) (s, y(s))dvd

IN

1% C
By /0 (v — )™ (s, y(s)) ds /0 00 (0)d6
oMy [ 0=l [ a9

IN

v ¢
BMOL/O (V—s)'gk_ls_"’ds/o OMp(60)df

+ BMyL / (v —s)Pk1s7ds / 0Mpz(0)do
v 0

—0

BMoLL(BE)L(L—B) g1y (€
S R 7/0 OM(0)do
1 o)
+ ﬁMgLVBk_’Y/ (1— s)ﬁ_ls_wds/ OMp(0)d§ — 0 as 0 — 0, ¢ — 0.
1—p 0

v

Hence, there exists relatively compact sets arbitrary close to set W (v). Therefore, W(v) is also
relatively compact in Y. At last according to Schauder fixed point theorem, [T] has a mild solution
y € w as well as y(v) — 0 as like v — oo.

Thus, the proof is complete. O

4 Noncompact Semigroup Case

When S(v) is non-compact, we define the suppositions given below:
(H2): f:[0,T] xY — Y is a Caratheodory function and for some p > 0 there exist a suitable

function my,(v) € L9((0,T), R") with ¢ > —6—17 in such a way that

|mp(V)|Lq(0 T)
< 1' 1 f—7 p—
[f@,9)] <mp(v), and lim in " n < oo,

for v € [0,T] and V y € Y satisty |y| < p.
At that point, for each yo,y1 € B(A%) with o < 14, the problem [I| has at least one mild solution,
provide that

o TI-(+87)u \ ¥
_— <1,
q”(l —q +6’y)u>

where u = 4.
q—1

Theorem 4.1. Suppose that (H1) and (H2) holds. Then, at that point the Cauchy problem[1] have
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at least one attractive solution.

Proof. According to lemma [2.10] we see that Z : w — w is continuous as well as bounded. Then,
it will be prove that Z is relatively compact. One can surmise from lemma that {Zy : y € w}
is equi-continuous as well as limgz_oo|(Zy)(v)| = 0 is uniformly for y € w. It remains to prove that
W(v) ={(Zy)(v) : y € w} is relatively compact in Y.

For v € [0,T], {(Zy)(v) : y € w} is pre-compact in Y. When v = 0 it is enough to see that
{(Zy)(0) : y € w} ={yo,y1 : y € w} is compact. Suppose that v € [0, 7] be fixed as well as g, > 0.

For v € w, we define an operator Z, ¢ by

(Zoct)(v) = Ca(W)o + Ks(w)mv + /0 /< " 800 — )P Ma(0)T (v — 5)°6) f (s, y(s))dbds,

A has compact resolvent, for each v € (0,T], {(Z,¢y)(v) :y € w, 0 >0, 0 < ( < v} is pre-compact
in Y. Using (H2)

v ¢
(20w - Zeww)l < | | /0 B6(v — 5)P " M(0)T((v — 5)°6) f (5, y(s))dbds
+ /i /COO BO(v — s)ﬂ_lMg(H)T((u — S)BG)f(s, y(s))dbds
v ¢
v—38)"1P Y (s)ds -
< /O Oyl — 5Py (s)d /0 67 Mj(6)d0
+ Cy(v — 8) 1P Vmy(s)ds / 0~ Mg(0)do
v—p ¢
—(14+Bu \ © ¢
< oty ) Imlon [ M0
A+8v)u \ u T(1— )
© i) Imlen

Utilize the total boundedness we have for every v € (0,T], {(Zy)(v) : y € w} is pre-compact in Y.
Hence, for every v € (0,T], {(Zy)(v) : y € w} is pre-compact in Y. Finally, Schauder fixed point
theorem, (1) has a mild solution y € w as well as y(v) — 0, v — oco.

Thus, the proof is complete.

5 Example

Suppose that w C RY be a bounded domain (R > 0) with boundary dw of group G*.

Examine the fractional initial bounded value problem
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(CDgyy)(wiu) = dy(v,u) + fv.y(v,u), v>0, u€w,

2 =0, 7)
y(0,u) = yo(u), ¥'(0,u) = yi(u).

In space Gb(w) (1 <1< 2), where § represent the Laplacian operator as regards the spatail variable

as well as CDg . acts for the Caputo fractional derivative of order 3(1 < 8 < 2). Place

well
Il

0

D(B {ye G*@):y=0 on Ow}.

~—
I

It follows from that [[22], Example 2.3] the point exist u, e > 0, such that
~ L1 b
B+pe®f <G (w))
2
Then problem [7| can be composed dynamically as (see [[23], Example6.2])

{CD€+y(V) = By(v) + f(v,y(v)), v€0,00)
y(0) = yo, ¥'(0) =y, 1<B<2.

Suppose that f(v,y(v)) = v~ Psiny(v). At that point the supposition (Hj) that is obviously
fulfilled. In outcomes, as indicated by lemma [2.9] the problem [/ has at any rate one attractive mild
solution.

Then again, for the first order evolution equation

{y'(u) =By(v)+v", vel0,0)
y(0)=yo, ¥(0)=y1, 1<B<2

Our result basically disclose certain attributes of solutions for fractional evolution equation, which

are not controlled by integer order evolution equations.

6 Conclusion

The principal finding of this work show the specific class of attractivity solutions for fractional
evolution equation, we establish sufficient conditions for global attractivity of mild solution, while
the integer order evolution equation don’t have such attractivity. We discuss the attractivity of
solutions for Cauchy problems. Cauchy problems in these cases for which the semi-group is compact
as well as non compact. However there are not many attractive solution for fractional evolution

equation in literature.
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