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Abstract

The main goal of this paper is to discuss the behavior of generalized fractional
operators and its applications with special functions. Moreover, we develop signifi-
cant results of generalized fractional operators with the power function associated with
Bessel function of first kind and visualized in the form of generalized Wright hyper-
geometric functions. Also, we establish the behavior of generalized these all results
discussed in k-fractional calculus.

Keywords: s-type covex function , m-exponential perinvex function , Holder’s
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1 Introduction

Special functions have immense applications in the field of applied and pure mathematics.
Most of the special functions like as beta function, gamma function, hypergeometric function
is not only the series representation but also have integral representation. Special functions
have resolved many problems of differential equations and series solutions [2]. Fractional
operators can be developed by utilized the different type of special functions as its kernel,
which have great applications to develop the fractional calculus [3]. Bessel function is special
type series function, which study the solutions of differential equations and they are associ-
ated with many problems in the field of mathematical physics, radio physics, nuclear physics
and atomic physics. A generalization of the bessel function is also called k-bessel function
and also studied in [1].

For the development of our work, we need to remember that following definition we have
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The left and right sided generalized fractional integral operators [11] defined for
up > 0 and «, 3, n € C, R(a) > 0 respectively as

uy ™"

() ) = S [ =97 aFifat gt = Dyglapas (1)

X aFi(a+ B, —n 031 = )g(s)ds. (2)

The Bessel function [1] of the first kind defined as

i t/2)y+2m (3)

V+m+

m=0

where v is not a negative integer.
The Beta function [13] is defined as

B(l,m) = /01 s7H1 — 8)™ s, R() >0, R(m)>0 (4)

The Hypergeometric function [10] defined for [¢t| < 1 by the power series is as

[e.e]

Fy( t) Jn 5
2F1(p, g5 73 ; () (5)
provided that r # 0, —1, —2, ... . where (a), is the Pochhammer symbol.

The generalized wright hypergeometric function [8] defined as

Hz e + a’-m)tm
} Z  D(dj + Bim)m ©)

where t € C, ¢;, dj € C, and o, B € R (i=1,2,...,0; j=1,2,...,h).
The left and right sided generalized k-fractional integral operators [12] defined for
uo > 0 and «, 3, n € C, N(a) > 0 respectively as

Wn(t) = 19y [ ((CZZ:

—Q—ﬁ
’

(5370 00) = Sy J 0 = )%
X oF) p((a+ B, k), (—n,k); (a, k); 1 — —)g(s)ds (7)

and

o 0 a_ —a=B
(I2829)1 (o) = gy (s — ug)E 71575

X o P k(o + B, k), (=0, k); (o, k)5 1 — %)Q(S)d& (8)
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The k-hypergeometric function [10] defined
v 05;57776 G:u 7]7{07_17_27_37”' ) ’t‘ <1

by the k-hypergeometric series

- m k "
2F1,k<<a7 k)7 (/B = Z m!J k >0 (9)
m=0
where (@)m i, (B8)mx and (1)mr are Pochhammer k-symbols.
The generalized k-hypergeometric function [10] defined as

JE((an k), (ay, ) (B, K, - (b, )it Z_O " EZ;;::% (10)
where a;, b; € C, b; #0,—1,--- (i=1,2,---,p; 7=1,2,---,q).
The k-beta function [4, 6] defined as
Be(l,h) = %/1 sETL(1 — 5)FLds, R(1) >0, R(h) >0 (11)
0

The k-Bessel function [1] of the first kind defined as

= m(t/2)Pm R

— Fk (v + mk + k)m!

where v is not a negative integer.

The generalized k-Wright hypergeometric function [7, 8, 9] defined by the series as

HZ 1Fk (ci + almk)t™
} Z Li(d; + Bimk)m (13)

W) = ok [ i s

where k € R, t € C, ¢;,d; € C,and o, §; € R (1 =1,2,...,1; j=1,2,.....h).

Relation between Generalized Fractional Integration and Gamma function

In this section, we discussed a results for left sided generalized fractional integration of
a power function in the form of theorems. These results represent a relation between the
gamma function and Generalized fractional integration. Also discuss in k-fractional calculus.

Theorem 1. Let a,b,c, v € C then hold the following relation

a,b,c —a ~y—1 u _ u—a—b—n Un — a at+vy+n—1 F(’)/)F(’}/ +c— b)
(IOuo(t ) ( 0)) 0 ( 0 ) F(’y—b)F(a—l—”y—i—c)
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Proof. Consider the left sided generalized fractional integral operator

(520 = T

/ (z — )" 9F(a+b,—c;a; 1 — —)h(t)dt.
0

z
Using power function in equation (14), we have

—a—b
Ug

['(a)

(L (to — @)’ (ug)) =
Uo

Using the equation (5) in equation (15), we obtain

b

(10t — a)Y(ug)) = "o

07“0
n=0

—a—b

o0
(T (to — @) (ug)) = Sy Do elde [M0(ug — 10)" (1 — 2)"(tg — )~ "dty.
n=0

a)pn! ug

By putting

to=a+z(up—a) = dtp= (ug—a)dz
to >0 = 2z2—0
to >uy — z—1

In the equation (16), we obtain

—a—b

a,b,c — u = a+b)n(—C)n
(Igti(to = @ (un)) = Sy 3 el

uo t
/ (o —to)* "2 Fy(a+b, —cia; 1 — =) (tg — a)"~dto.
0

(14)

(15)

(a) fOUO(uO —10)* 1 x 3 %( - i_%)n(to — a)77dt

(16)

(Ig,ﬁéc(to — a)%l(u(])) _ ug @ (ug — a)a71+n+r Z W/O (1— Z)afl(l . z)”z”’ldz

(a),n!

(Ighetto — )N (up)) = (g — @)t 30 Helen [y ppesnl-lgy

n=0

(It = o ) = “s g — ) ner S (F e St AP

n=0

67



International Journal of Advancements in Mathematics 1 (1) 2021. 64-73

abe Y1 R o timir = (@ +b)p(—c)n (@) I'(a)T
(Iy 30 (to —a)" (uo)) = T(a) (ug — a)* 1"+ 2% ( ‘i‘(ainfﬁ ) (a(+),y)fp)(a(z),y)
a,b,c -1 _ . —a—b-n a—1dnir 2 (a4 b)p(—0)n r
oo o =) = 85 o= Zo ( 21!( ) (a+ V)n(gga +7)
(](()lsoc(t o a)’y 1(U)) _ uaa—b—n(uo . a)a—l—i—n—i—r F(’Y) (CL + b)n(_C)n (17)

I'la+7) 2= (a+7)an!

n

Using the equation (5) in equation (17), we have

a c —a—0—n a— n-+r F(fy)
(I (to — a)'Mug)) = ug* ™" "(ug — @)~ +"F szl(a+b> —cGa+v;1).  (18)

since

C(n)l'(n—1—m)
L(n—0T(m—1)"

2F1(l,m;n; 1) = (19)

Using the equation (19) in equation (18), we have

I'(y) Tla+y)T(a+y—a—b+c)
Fla+v)Tla+~v—a—-bl(a+vy+c)

I()L(y+c—b)
F(y=bT(a+~y+c)

Ugstto = a) ™ (w)) = g™ "(ug — @)+

(Igsoc(t — a) (UO)) — uaa*b*n(uo . a)a—1+n+r

Theorem 2. Let a, b, ¢, v € C and k>0, then there relation will be hold

Te(Y)Tk(a+ v + ¢ — ak — bk)
Te(la+~—ak —bk)Tr(a+ v+ ¢)

a,b,c o -n aty 4
(Lo (to — @)Faluo) =ug = (g — @) "+

Proof. Consider the left sided generalized k-fractional integral operator with power function

(Igve(to—a) ¥ 1) (ug) = o a) f uo—to) ¥ L Fy p((a+ b, k), (—c, k); (a,k); 1 — 2)(tg—a)* ~Ldt..
(20)
Using the equation (5) in equation (20), we obtain
—a=b 00
(i (1o = @)F (o) = iy Jo° o — 1)1 x 32
(@~ 0)nk(—C)ni to

(@) xn! (1 U_o) (uo — to)* (to — a)* 'dtg. (21)

By putting
to=a+ z(up—a) = dto= (up—a)dz
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to—>0 — 2—0
to > uy = z—1

In the equation (21), we obtain

ey ot s (a4 B~
(To 30 (fo = )t e (uo) = kTx (o) % (@)pm!
[ =20 - @yt (0 EUEE) g - )i - )i
e a0 g A (@ Dk =Dk [T e i Lnt 2o
(ojuy (to = a)* (o) = k() nXZ[:) (a)n];n! k/o (1=2) (0 — @)t fujt s
(Igﬁoc(to—a)%*l)k(uo)z“(,iri(a;n i_ojo Dt Cnt (11 — ) =17 [11(1—2) 1t
) (22)
Ut "N (04 D)k~ ¢ 1inr Dula+ nk)0y(7)
() ,ZZ% (@)npn! (1o = )s = Ir(a+~v+nk) (28]
gt R (@4 D)k, oy (@aal(@)Ti(7)
Uy (fo = @)t )iluo) = =28 ; @l (0 2 T(a+ 7+ nk)
(1285 ty — a)F )y (utg) = (g — a7+ Eyg T 0T D =Oni (@il (1)

— (a)pxn! Li(a+ v+ nk)

v n afb
(I (to — @)% (o) = (ug — @) F 71" huy *

n i (@~ 0)nk(—C)ni (@)n i lk(7)

0,u0 — (@)nkn! (a+n)nrlk(a+7)
4 —azb_y, G + D) (—C)n i
o0t g il _ _ —1+n+1 (a ), L 24
( O,uo (to — @)™ k(o) = (uo a) o " Fk a + v) Z (@4 )nin! (24)

n=

Using the equation (9) in equation (24), we have

<[61300(t0 - a’)%71>k(u0) (UO - a) 1+"+ku a_b—n
Lx(7) | |
WQFLIC((G + b, k?); (—C, k‘), (a + 7, k;)’ 1)' (25)
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Since

_ D)l — 8 — ka)
Dy — ho)Culn — B)’

Using the equation (26) in equation (25), we get

oF = q21, k(a, 1), (B, K)(n, k)1

(26)

Ti(y) Tila+v)Tk(a+ v — ak — bk + ¢)

7a7b_
(Igwe(to — a)r ~i(ug) = (up — @)~ gy 7"

Fi(a+7) Tr(a+v —ak — bk)Tk(a+ v+ ¢)

y_ zo=b_p Ip(y)Ti(a + v —ak — bk +¢)
Iabc . 1 o —1+n+7 k .
(g (fo = @)% )i (o) = (g a)¥ Fo ” I'p(a+vy—ak —bk)I'k(a+v+c)

Remark-1I:
If we replace k = 1 in theorem [2], we have the result show in theorem [1].
Representation in terms of generalized Wright hypergeometric function
In this section, we solve generalized left sided generalized fractional integration for the Bessel
functions of first kind, that is represented in terms of generalized Wright hypergeometric
function. Also discussed with & in this section.

Theorem 3. Let a, b, ¢, v, v € C be such that
R(v) > =1, R(a) >0, and R(y+ v) > max[0, R(b — )]
then there holds the formula

—a—b— n(uO_a)a+n+’Y+U—1

(g2 (to — @)™ Tty — @) (ug) = ™ T

0,ug
(W,+_U72)>(W/+'C'+'U _'b72) __(uO _'a)Z (27)
vy+v—502),(v+v+a+c?2),(v+1,1) 4 '

‘I’h

Proof. Using power function and the equation (7) in left sided generalized fractional integral
operator, we have

u—a—b
(T2t — a1 Tt — a)) i) = "B
" to) L F b, —c;a;1 — kil )t 3 i a>v+2ndt
/o (uo —t0)" "2 Fi(a + uo (fo —a) va+n+1n'

n=0

S~ (D)

(Ioouy (t0 = @) ™" Iy (to — @))(uo) = ZO T

—a—b
Ug

['(a)

uo t
Uy — to)aflgFl (& +b,—c;a;1 — 0 (to —a U+V+2n71dt0

(2

0 0
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a,n,c - n( )U+2m a,n,c v n—
(]0 ,30 (t — CL) Jv(tO — a Z U Tarl n' (IOJ'LIZE) (tO — a) +v+2 1) (UO) (28)

n=

Using the lemma (2.1) as a result and using equation (28) with 7 replaced by v + v 4 2n in
equation (28), we get

)v+2n

(IS0 (tg — a) 1= T, (o — @) (ug) = z =
Fy+v+2n)L'(y+v+2n+c—0)

—a—b—n a+y+v+2n+n—1
X —
" o= F(y+v+2n=b)l'(a+y+v+2n+c)
a,b,c — u= b= 0 g )atntytu—1
(L5 (to — @) ™" Tty — @) (ug) = "ot
Z (v +v+2n)T(y+v+2n+c—D) (=1)"(up — a)?"
“T'(y+v+2n—0b)llaty+v+2n+ )l (v+n+1) 22np)
a,b,c _ usa"mn g atntytu—1
(I (to — @)~ 1J, (to — a)) (up) = “o— 1020
b —(uwo—a)?\n
<3 I(y+v+2n)(y+v+2n+c—1D) (~leoak)
F'v+v+2n=0l(a+y+v+2n+c)l'(v+n+1) n!

n=0

(Igsoc(t —a) "yt — a))(ug) = u_a_b_n(uogf)aﬂﬂﬂ_l
X oW (*7+’U,2>,(’7+C+U—b,2) _(U,o—a)Q
25 (v 0 =0,2),(y+v+a+¢2),(v+1,1) |

Theorem 4. Let a, b, ¢, v, v € C and k>0 be such that
R(v) > -1, R(a) >0, and R(y+ v) > max[0, R(b — ¢)]

then there holds the formula

—azb_p atytv
abc 5 U * Un — a g tn-1
(Bge(to — )t — a))a(ay) = 00
ok (v +v,2k), (a +~+ c+ v — ak—bk, 2k) _(uo—a)2
273 (a4 + v — ak—bk,2k), (v + v+ a+ ¢, 2k), (v+kE) 4

Proof. Using power function and the equation (7) in left sided k-generalized fractional inte-
gral operator, we have

—a—b
k

(Io0(to — a) ¥~V T, (to — a))k(uo) = %

ug
/ (uo—t)%_12F17k((a+b,k:),(—c,k);(a,k);l i )(to — a)
0

-1
Z v+nk+k)n‘

n=

00 t() a) +2n

??‘\Q

dty
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—a—b
N G LA

a,b,c X (
(]0 uo( )Z IJU(tO - a)) ( ) = ZO F(v+ni+k)n! ISF(a)

t
| = ) a4 6, (e (0 R = )1y — )R
0 0
- n( )v+2n a,b,c viyt2nk |
nz: Fk (v +nk + k)n! (IO’“’O (ty —a) )k: (o). (29)

Using the lemma (2.2) as a result and using equation (29) with ~ replaced by v+ v + 2nk in
equation (29), we get

a,b,c J_ 1)n( yetan
Iy (to — @)k "y (tg — @))x(uo) = Z Tl
—a=b_ atrytotank | g F (7 + v+ 2nk)Tx(a+ v+ v + 2nk — ak — bk + ¢)

ug " (ug —a) %

Ti(a+v+v+2nk —ak — bk)Tr(y+ v+ 2nk +a+ )

—a=b__
(I (to = @)F 10, (b0 — @))uluo) = g (g — ) =550

i Ce(y+ v+ 2nk)lx(a + v+ v + 2nk — ak — bk + ¢) (—1)n(5)vten
“Tp(a+v+v+2nk —ak —0k)lw(y + v + 2nk + a+ c) Ty (v + nk + k)n!

n=

abc 11 W ) TR
(-[Ouo( O_G)E_ J’U(to_a))k(UO) — 20 0 2%
i Uy + v+ 2nk)Ti(a + v 4 v + 2nk — ak — bk + ¢) (=1)"(up — @)
Ti(a+ v+ v+ 2nk — ak — bE)Di(y + v + 2nk + a + ) Tx(v + nk + k) 22|

n=0

—a=b _ a+-y+v+2nk

(I(()lsoc(tﬂ . a)%flJv(to B G))k(uo) _ Y " (g az)k +n—1
> Lr(y 4+ v+ 2nk)y(a+ v + v+ 2nk — ak — bk + ¢) —(up — a)?
— i(a+y+v+2nk—ak —bk)Iy(y+v+2nk+a+ k(v +nk+k) 4l
a,b,c Y1 uiiﬁbin(uofa)wﬁ_n_l
(et — @)E 1ty — a))uug) = oLt
" (v +v,2k), (a + v+ ¢ + v — ak—bk, 2k) (o —a)? (30)
2 (a + v+ v —ak—bk,2k), (y + v+ a+ ¢, 2k), (v+kk) 4 '
O]
Remark-11I:

When we replace k£ = 1 in theorem [4], we get the result show in theorem [3].
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